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C/5 ; 1 Introduction 

A set of integers A is said to tile the integers if there is a set C C Z such that every integer n 
can be written in a unique way as n = a + c with a £ A and c 6 C. Throughout this paper we 
£-H ■ will assume that A is finite. It is well known (see |7|]) that any tiling of Z by a finite set A must 

be periodic: C = B + MZ for some finite set B C Z such that |A| |B| = M. We then write 
A@B = Z/MZ. 

Newman [|7j] gave a characterization of all sets A which tile the integers and such that \A\ is 
a prime power. Coven and Meyerowitz [|J found necessary and sufficient conditions for A to tile 
Z if | A | has at most two prime factors. To state their result we need to introduce some notation. 
Without loss of generality we may assume that A, B C {0, 1, . . .} and that € A n B. Define 
the characteristic polynomials 

CN : A(x) = ^ B(x) = J2 

i—i ' aeA beB 

on ; 

Then A B = Z/MZ is equivalent to 

o 

Let <& s (x) denote the s-th cyclotomic polynomial, i.e. the monic, irreducible polynomial whose 
roots are the primitive s-th roots of unity. We then have x n — 1 = risln ^s( x ), an d ( |1.1| ) holds 
J> | if and only if 

\A\\B\ = M and * s (x) | A(x)B(a?) for all s\M, s ^ 1. (1.2) 

Let be the set of prime powers p a such that $ p a(x) divides A(x). Then the Coven- Meyerowitz 
conditions are: 

(Tl) A(l) = U se s A ^s(l), 

(T2) if s\, . . . , Sfc G 5,4 are powers of different primes, then $ sl ,.. Sk (x) divides A(x). 
It is proved in ||] that: 

• if A satisfies (Tl), (T2), then it tiles Z; 

• if A tiles Z then (Tl) holds; 



A(x)B(x) = 1 + x + . . . + x M ~ l (mod (x M - 1)). (1.1) 
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• if A tiles Z and \A\ has at most two prime factors, then (T2) holds. 

The first two statements are relatively simple to prove and hold regardless of the size of A; the 
main difficulty is in proving the third one. The proof given by Coven and Meyerowitz relies 
crucially on a result of Sands [||: if A © B = Z/MZ and M has at most two prime divisors, 
then one of A, B must be contained in mZ for some m\M, m/1. A theorem of Tijdeman 
implies that if A tiles the integers, then there exists a tiling A © B such that \B\ has the same 
prime factors as Therefore if \A\ has at most two prime factors, there is a tiling to which 
Sands' result applies. The authors then decompose this tiling and proceed by induction in |^4|. 

It seems very hard to verify whether (T2) holds for all sets which tile the integers. There is 
no analogue of Sands' result if M has three or more prime factors, as shown in ||], hence 
the methods of Coven and Meyerowitz do not extend to more general sets. The purpose of this 
paper is to settle, for the first time, a three-prime case. 

Theorem 1.1 Let A, B be two sets of integers such that \A\ = p a q^r'~ 1 and \B\ = pqr, where 
p,q,r are distinct primes. Assume that A(&B = Z/MZ, where M = \A\ \B\. If& p (x),& q (x),& r (x) 
divide A(x), then so do Q pq (x),& pr (x),<& qr (x),Q pqr (x). 

Equivalently, if the elements of A are equi-distributed modulo p, q, and r, then they are 
also equi-distributed modulo pqr. Observe that this reformulation of (T2) does not require the 
elements of A to be nonnegative. 

We remark that by the results of [||, ||, Q, proving (T2) for all finite sets which tile the 
integers would essentially resolve one part of Fuglede's spectral set conjecture Q in dimension 
1. 



Our main tool in proving Theorem LI is the following identity. 
Theorem 1.2 For any finite A, B C Z, let 

A m = #{(a, a) £ A x A : (a - a, N) = m}, B m = #{(b, b') G B X B : (b - b' , N) = m}. 
Then 

\ ^ A m B m ^ 1 x ^ AJ&d 

where 

A d = £ \A(0\ 2 , B d = l^)! 2 - 

Here, as usual, (ft(n) is the Euler function and (m, n) denotes the greatest common divisor 
of m and n. We adopt the convention that (n, 0) = n for any n / 0. 



We also observe that Theorem 1.2 extends the following result of Sands 



Theorem 1.3 J^/ Let A, B be two subsets of Z such that the elements of each of them are 
distinct modulo M. Define Da = {(o — a',M) : a, a' € A, a ^ a'} and Db = {(b — b',M) : 
b,b' &B, b^ b'}. Then A@B = Z/MZ if and only if \A\ \B\ = M and D A DD B = 0. 
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Our Theorem 1.2 provides an alternative proof of Theorem 1.2; furthermore, it implies 
Theorem 1.4 below. 



Theorem 1.4 De/me A,B,D A ,D B as in Theorem \D\. If D A C\D B = 0, t/ien |^4| |B| < M; the 
equality holds if and only if A® B = Z/MZ. 



2 Proof of Theorems [Tg-HTTg] 



Proof of Theorem |l.2| . Fix A, B C Z and # S N. As usual, /u(n) is the Mobius function and 
e (t) = e 2nit . Let d\N, then for any t € Z 



AT-l 



1 £ 



3=0 

*L\j 
d \J 



1 if d | t, 
if d / 1. 



Let x/ denote the characteristic function of the set I. Then for m\N, 

X(N,t)=m = Xm\tX(K ±)=i = Xm\t E MO 

V 777 1 771 f 

' 771 '771 



E 



^ZK l )Xlm\t 
1 m 

N-1 



"" ! E <I) 



Zm 



j = 
JV I - 



JV-1 



/x(Z) 



Zm 



E<f) E 

j=0 n£L JLu 

where we used ( |0| ) and that XlduM^) = Xu=i- Taking v = N/m, we deduce that 



A m = #{(a,a') £ Ax A: (a — a', N) = m} = ^ X(a-a',iV)=JV/t; 

a,a'eA 



AT-1 



E E e ( 



N-1 

N 



(q - gOj 

JV 



E 



MO 



^E|E<f)f E *(»/<*), 



j=0 aeA 



d\v, d\j 



where we substituted d = v/l. Let 

J 



sj 



A 



N 



E< 



aJ 
77 



E< 

fees 



6J 

JV 



(2.1) 



(2.2) 



(2.3) 
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then from ( |2.3D we have 

m\N 



1 / 1 



N-l 



N-l 



4>{N/m) 



E^|^E4 E W<0 ] ( £ E *? E 



v\N 



(v) \N 



J=0 d\v, d\J 



1=0 e\v, e\I 



1 



N-l 



E 4*f E 



i 



I,J=0 



6 ( v ) E E e ^ v / e ) 

v\N ^ > d\v, d\J e\v, e\I 



Let g = (I,J,N), r = (J,N)/g, and s = (I,N)/g so that (r, s) = 1. Then 

E^j E E e p(*V e ) = E E Mv/d) e ^ v / e ) 

v\N ^ ' d\v, d\J e\v, e\I v\N ^ ' d\(v,rg) e\(v,sg) 



D a ||Af \i=0 7 d\(p\rg) e\(p\sg) / 



since all the functions involved are multiplicative. Now 



d\{ P \t) 



i=0 



0(p*) 



1 if i = 0, 






p« — if i > 1 


and 


P* 1 *, 


if i > 1 


and 


P^ 1 II 


if * > 1 


and 


p l Xt. 


C a. Therefore 








fP i 
e/il — 

V e 


) 







if 7 = a, 


0(p7+l)( P 7 ) 




if 7 < a and 5 = 


_i TT _(_ p 7)( p 7 + l _ 


p?) 


if 7 < a and 5 > 1 



(2.4) 



(2.5) 



p> 



if 7 = a (hence 5 = 0), 



P 7 / (p — 1) if 7 < a and 5 = 0, 







if 7 < a and 5 > 1. 



We thus have a non-zero term in ( [2.5| ) if and only if 5 = for all p, that is r = s = 1, in other 
words (I, N) = (J, N) = g. In this case our answer is p 1 p a ~^ / 4>{p a ~ 1 ) = p a /cj)(p a ~" 1 '). Therefore 
(|2.5|) becomes 

p a N 



n 

p a \\N 



0(p«-t) 0(iV/g) ' 



4 



Substituting this into (! 



2.4 ) gives 



A R 

^""^ - 'in 1 - J in 



N-l 



N-l 



N ^ 6(N/a) ( E ■?)( E 



(/,iV)=g 

Let iV/g = d and I = gri, so that (i, N/g) = (i, d) = 1. Then 

2 



(2.6) 



j=o 

(J,N)=g 



Af-1 

E 



N-l 

E \M<ig/*0) 

i=0 
(i,d)=l 



N-l 



E \ A (e^/d)) 
i=0 
(i,d)=l 



Ai 



and similarly for 23 Hence the right side of (|2.6[) equals 



The theorem follows. 



Proof of Theorems 1.3 and |1.4| . Apply Theorem 1.2 with M = N. The term on the 
right side of (|1.3|) with d = 1 is |A| 2 |1?| 2 /M, and, since all elements of A and £? are distinct 
modulo M, the term on the left side of ( |1.3|) with m = M is |.4| |S| = M. In particular, the left 
side of ([l]^) is > M, since all the remaining terms are nonnegative. 

We first deduce Theorem [□§ We have A B = Z/MZ if and only if \B\ = M and 
divides A(x) or -B(x) for all d|M, d ^ 1. This in turn is equivalent to \A\ \B\ = M and 
A d B d = for all d|M, d ^ 1. Thus ,405 = Z/MZ if and_only if |A| |5| = M and the right side 
\B\ 2 /M 



B n 







of (|L3|) equals j,4| 2 |5| 2 /M = M. But the left side of (|L3|) equals M if and only if A, 
for all m\M, m ^ M, which in turn is equivalent to Da H = 0- 

Assume now that Da r\ Db = 0- Then the left side of ( |1.3| ) equals M, therefore so does the 
right side. Using that the d = 1 term is \A\ 2 \B\ 2 /M and that all other terms are nonnegative, 
we find that M > \A\ 2 \B\ 2 /M, hence \A\ \B\ < M and equality holds if and only if all the terms 
with d > 1 on the right are zero. As above, the latter together with the equality \A\ \B\ = M is 
equivalent to A B 



Z/MZ. Theorem 1.4 is proved. 



Our proof of Theorem 1.1 will be based on the following corollary of Theorem [L2. 



Corollary 2.1 Assume that A (B B 
c G Z \ B, and 

b m = b m (c) 

Then the quantity 



Z/MZ. Define A m as in Theorem Let N\M , 

#{6GB: (b-c,N) =m}. 



E 

m\N 



bm(c)A n 
(p(N/m) 



(2.7) 



is independent of the choice of c. 
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Proof. Fix N such that N\M. Apply Theorem with B replaced by C = B U {c}, where 
c € Z \ 5 will be allowed to vary later on. Define C{x) and in the obvious way. 

We first evaluate the terms on the right of ( |1.3| ). The term with d = 1 is (\B\ + l) 2 ^ 2 /^. If 
d 7^ 1, tf|iV, then d\M, hence &d(x) divides at least one of A(x) or B(x). If it divides A(x), then 
A d = 0. If it divides B(x), then for all roots £ of $ d (s) we have |C(^)| 2 = |.B(£)+£ C | 2 = |£ c | 2 = 1, 
hence Cd = #{£ : ^(0 = 0} = (p(d). Combining all this we find that the right-hand side of 
(|1.3|) equals 



^(151 + 1)3^ + 1 £ A,. (2. 



Observe that this is independent of the choice of c. 

Next, we have C m = B m + 2b m , hence the left side of (11.31) equals 



.„ ^(iV/m) ^ T tf>(N/m)' l " 



Comparing (^) and (|2 .8|) we obtain fl2.7|) 



We remark that ( p.7|) can be computed explicitly if N = M. Namely, choose c so that 
c = b + /ciV £ B + iVZ. If m| JV, m ^ N, then 6 m 7^ implies that there is an b' £ B such that 



(c — b',M) = m, hence (b — b',M) = m and m G -Ds- By Theorem 1.4, m ^ Z?a and ^4 m = 0. 



It follows that b m A m = for all m 7^ M. Moreover 6a/ = 1 and Am = \A\. Hence 

Y %fey% = \ A \ if N = M. - (2.10) 

m\N ^ y 1 ' 

3 The tiling result 



In this section we prove Theorem 1.1 . Let A, B, M be as in the statement of the theorem. 

Throughout the proof we will assume that B is not contained in dZ for any d\M,d ^ 1, 
for otherwise we may decompose the tiling as in Lemma 2.5 of ]l]] and proceed by induction. 
More precisely, suppose that the theorem is true for all sets A' whose cardinality \A'\ divides, 
but is not equal to, \A\. Suppose further that B C pZ. From Lemma 2.5 of [|lj we have the 
decomposition 

p-i 

A(x) = J2x ai A^(x p ), 

i=0 

where A® = {a G A : a = i (modp)}, ai = min^W), and A® = {a — m : a £ A®}/p. 
Moreover, we have 

\aW\ = \aW\ = ... = \aW\ = \A\/p, (3.1) 
A® p~ l B = Z/Mp^Z, (3.2) 
Sa(o) = Sfti) = . . . = S A ( P -i) (3.3) 

and 

S A = {p}uS pAm . (3.4) 
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Suppose that $ p (x), ® q (x), ® r (x) divide A(x). By fl3"l]), and $ r (z) divide By 

Lemma 1.1(7) of [[jj, $ g (a?) and $ r (x) divide A^(x), hence also A«(a;) for all i by (^). Since 
j4W tiles Z by ( |3.2[ ), it follows from the inductive assumption that <& qr (x) divides #*'(x) for 
each i. Using Lemma 1.1(7) of Q again, we deduce that $ pq (x), <fr pr (x), $ qr (x), <fr pqr (x) divide 
A^(x p ) for each i, hence they also divide A(x). Thus if we assume A to be a set of the smallest 
cardinality for which the theorem fails, the corresponding B cannot be a subset of pZ, qZ, or 
rZ. 

The following notation will be used throughout this section. We write [i,j, k] = riij^+pqrZ, 
where riij^ is the unique integer in {0, 1, . . . ,pqr — 1} equal to i(modp), j(mod q), /c(modr). We 
also write [*,j,k] = \Ji[i,j,k], [*,*,k] = \Jij[i,j,k], etc. One can think of the residues modulo 
p,q,r as three-dimensional "coordinates", so that for example k] is a point, [i,j, *] is a 
vertical line, and [*,*,&] is a horizontal plane. 

Lemma 3.1 Let BcZ. Assume that G B and 

B - B CpZUqZUrZ. (3.5) 

Then at least one of the following holds: 

B c [*,j,k] U [i,*,k] U for some i,j,k, (3.6) 

B C [0,0,0] U [i,j,0] U [t,0,jfe] U [0,j,k] for some i,j,k, (3.7) 
B C [*, *, 0], or B C [*, 0, *], or B C [0, *, *]. (3.8) 



Proof. Suppose that (|3.6| ) and ( |3.8[) fail. Then in particular there is an 6 E -B which is not in 
the set on the right of fl3.6|) with i = j = k = 0, say 6 6 [z, j, 0] for some i,j ^ 0. From our 
assumptions we have B — b C pZ U gZ U rZ. Hence 

£> c ([*,*, o] u [o,*,*] u [*,o,*]) n ([*,*, o] u [i,*,*] u 

= [*,*,0] U [i,0,*] U [0,j,*]. 
From the failure of (3.8) we get that at least one of the following holds: 



(a) there is a b' G B such that 6' G [i, 0, *] \ [*, *, 0], 

(b) there is a b" G £ such that 6" G [0, j, *] \ [*, *, 0]. 

Suppose that (a) holds, then B - b' C pZ U qZ U rZ, hence B n [0, *, *] C [*, 0, 0] U [i, *, 0]. 
Thus we have ( j3~6| ) unless (a) and (b) both hold. In the latter case, b' G [i, 0, k] and 6" G [0, j, k'\ 
for some k, k' ^ 0. We then see from ([3.5D that k = k' and that (|3.7|) holds. ■ 



By Theorem 1.3, at least one of the sets Da, Db does not contain 1. We deduce that at least 



one of A — A, B — B satisfies ( |3.5D , hence at least one of A, B obeys the conclusions of Lemma 



3.1. We will now show that A cannot obey these conclusions. Indeed, we are assuming that 
the elements of A are distributed uniformly modp, modg, and modr. Hence each plane [i, *, *] 
contains exactly \A\/p elements of A, etc. This immediately contradicts ( ^7| ) and (|3.8[) , since 



7 



in both of these cases there are planes which do not contain any elements of A. Suppose now 
that ( |3,6[) holds. Assume that p < r and let i! ^ i. By uniformity modr and modp, the planes 
[*, *, k] and [i', *, *] contain exactly \A\/r and \A\/p elements of A. But by Q3.6| ), all the elements 
of A which belong to [i' , *, *] are in fact in k], hence in [*, *, k\. This implies \A\/p < |j4[/r, 
which contradicts the assumption that p < r. 

Thus B satisfies one of fl3.6|) , (|3.7|) (recall that we assume that (|3.8| ) fails). 

We record a simple lemma. 

Lemma 3.2 Let A C Z. TTien /or any m we /ioue 

U| 2 

I {(a, a') e Ax A: m\a - a'}\ > 

m 

with equality if and only if the elements of A are equi- distributed modm. 

Let N = pqr. For m\N, we write a m = — — ^ — -. It suffices to prove that 

4>{N/m) 

a m = a m i for all m,m'\N. (3-9) 

Indeed, ( |3.9| ) implies that 

\A\ 2 = ^ A m = ^ 4>{ — )A pqr = pqrA pqr , 
m\pqr m\pqr 



and the theorem follows by Lemma |3 

It remains to deduce (|3.9| ) from Corollary |2.l| 



Case la. Assume that B satisfies (3.7) and that p,q,r > 2. We may then choose /, J, K such 
that / ^ 0, i, J ^ 0, j, K ^ 0, k, and the planes [I, *, *], [*, J, *], [*, *, K] contain no elements of 
B. We first compare ( gj| ) with c G [J, J, If] and c' G [0, J, if]. We then have 



&l(c) = \B\, b m {c) =0 if 1, 

6i(c') = |Bn[i,*,*]|, 6 p (c') = |Bn[0,*,*]| ^0, b m (c') = 0ifm^l,p. 
Substituting this in ( ^ ) we see that 

\B\ai = \Bn [i,*,*}\a\ + \B D [0,*,*]\a p , 

hence a% = a p . Repeating this argument with p replaced by q and r, we obtain 

a p = a q = a r = ct\. (3.10) 

With I, J, K as above, let c" G [0, 0, K], then 

6pq = |5 n [0, 0, 0]| / 0, b pr = b qr = b pqr = 0. 
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Comparing (2/7) for c and c", and using also ( |3,10| ), we find that a pq = a%. Similarly for a qr 
and a pr , hence 

«i = a pq = a w = a qr . (3.11) 

It only remains to prove that a pqr = ol\ . But this follows by applying ([I?]) and ( ^To| ), ( pl| ) 
to c as above and c'" € [0, 0, 0]. 



Case lb. Assume now that B satisfies (|3.7|) and that p = 2. Let 

t = \B n [0,0,0] |, x = \Bn [i,j,0]\, y = \b n[o,j,k]\, z=\Bn[i,0,k]\. 



Since the case when ( ]3.6| ) holds will be considered below, we may now assume that ( |3.6| ) fails, 
and in particular that t,x,y,z are all nonzero. Choose J, K such that J / 0,j, X 7^ 0, /c, 
and the planes [*, J, *],[*,*, K] contain no elements of B. We first evaluate fl2.7| ) with c € 
[0, J, if], [0, J, 0], [0, J, fc], and find that the following are all equal: 

(t + y)a 2 + {x + z)a\ = C, 
ta2> r + yoi2 + xa r + zai = C, 
yct2r + toi2 + xa r + ZOL\ = C. 



Therefore 

t(a2 — «2r) + x(ai — a r ) = 0, 

y(a 2 - a 2r ) + ^(ai - a r ) = 0. 

Similarly, by considering ( |2.7D with c in [1, J, if], [1, J, 0], [1, J, fc] we obtain that 

x(o(2 — Q-2r) + t{o-i — oe r ) = 0, 

z(a 2 - a 2r ) + y(ai - a r ) =0. 



(3.12) 



(3.13) 



Combining the first equations in (|3.12[) , ( |3.13|) we deduce that (x — t)(«2 — o*>2t — a\ + a r ) = 0. 
Similarly, combining the second equations we deduce that (y — z)(ct2 — «2r — «i + a r ) = 0. It 
follows that 

«2 — Q-2r = ol\ — a r . (3-14) 

Indeed, if ( |3.14 ) fails, we must have x = t and y = z, in which case B is equi-distributed mod 2 
and $2(0 divides both A(£) and B(^). This is easily seen to be impossible, e.g. by (Tl). We 
now substitute ( |3.14| ) in the first equation in ( |3.13| ) : 

(t + x)(a2 — «2r) = {t + x)(a\ — a r ) = 0. 

Since t + x > 0, it follows that ot\ = a r and 02 = «2r- We now repeat the same argument with 
r replaced by q, and conclude that 

a\ = a r = a q , «2 = «2r = Q-2q- (3.15) 
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Next, we evaluate (gj) for c in [0,0,0], [1,0,0], [0,j,0], [l,j,0], [0,0, k], [l,j,k]. Using also 
( 3.15| ), we obtain that 



tCt2qr + xa r + ya 2 + ZCt q 


= ta.2qr + (x + z)ai + ya2 


- 


ta gr + ZOt2q + X(X2r + UO-l 


= totq r + (x + z)a 2 + yai 


= c, 


ta 2r + xa qr + ya 2q + za\ 


= xa qr + (y + t)ct2 + za± 


= c, 


XOl2qr + ta r + yOL q + Ztt 2 


= XCt2qr + (y + t)ai + ZOL2 


= c, 


tCt2q + 20 gr + l/a2r + XOl\ 


= za qr + (t + y)a 2 + i«i 


= c, 


ya qr + Xa 2(? + ZCt2r + t«l 


= ya q r + (x + z)a 2 + tai 


= C. 



(3.16) 



From equations 2,6 we have (t — y)(a qr — a\) = 0, and from equations 3,5 (a; — z)(a gr —oc\) = 0. 
Suppose first that t ^ y or x ^ z, hence a qr = a\. Then we deduce from equations 2,4 that 
a 2 = a 2(?r . Substituting this in equations 1 and 2, we find that 

(x + z)a\ + (t + y)a 2 = (x + z)a 2 + (i + y)ai, 

hence (x + z — t — y){a\ — a 2 ) = 0. Now x + z ^ t + y, since otherwise B would be equi-distributed 
mod 2 and we have already noted that this is impossible. Therefore a\ = a 2 , hence all the a m 
are equal and we are done. 

It remains to consider the case when t = y and x = z. Then we rewrite equations 1,2,3,5 in 
(|3l!) as 

2xai +ia 2 +ta2 qr = C, 

tai +2xa 2 -\-ta qr = C, 

(3-17) 

2xa\ +xa 2 +xa 2(?r = G, 

xa\ +2ta2 +xa qr = C. 

The determinant of the coefficient matrix is — 4(i 2 — x 2 ) 2 . If it were 0, we would have x = t = 
y = z, and in particular = x + y + z + t = 4t would be divisible by 4, which contradicts the 
assumption that \B\ = 2qr. Hence ( 3.17] ) has only the trivial solution a\ = q 2 = a qr = a 2(?r . 
This together with ( |3.15 ) implies that all the a m are equal, which completes the proof for Case 
lb. 



Case 2. Assume that B satisfies ( |3.6[ ). Translating B if necessary, we may assume that 
|) holds with i = j = k = 0. Denote 



t = \Bf] [0,0,0] |, 

s i = |sn[*,o,o]| J yj = \Bn[o,j,o]\, z k = \Bn[o,o,k}\, i,j,k>o, 
x = ^xi, y = ^ yi , z = J2zi. 

Since we are assuming that (|3.8|) fails, we have X, Y, Z ^ 0. 
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Applying Corollary [Oj toe in [i,j,k], [i,j,0], [i,0,k], [0,j,k], [*,0,0], [0,j,0], [0,0, ft], [0,0,0], 
where i, j, fc / 0, we obtain that the following are all equal (denote the right-hand side by C): 



(X-Xi + Y 


- ]Jj + Z - Z k + t)a\ + XiCXp + UjUg + z k a r 


= c, 


{X-Xi + Y 


- Vj + t)a r + Xi(Xp r + yja qr + Za\ 


= c, 


{X-x. + Z- 


- z k + + Xja pg + 2: fc a gr + Ya\ 


= c, 


(Y-y j + Z- 


- z k + t)a p + yjotpq + z fc a pr + Xai 


= c, 


%iCtpqr + {X 


- Xi + t)a qr + (Y + Z)ai 


= c, 


VjOtpgr + {Y - 


- y 3 - + i)a pr + (X + Z)ai 


= c, 


ZkOipqr + (Z ~ 


- z fc + t)a P9 + (X + y)ai 


= c, 


tc^pqr X(Xq T 


+ Ya pr + Za P9 


= c. 



(3.18) 



We have to prove that this is possible if and only if all the a m are equal. We begin with a 
few lemmas. 

Lemma 3.3 Let A C Z, \A\ 2 = pqrL, N = prq. Define a m as above. Assume that <3? p , <3? r , <3? p 
divide A{x). Then: 

(q - l)a pr + a pqr = qL, (3.19) 

(q - l)a r + a qr = (q - l)a p + a pg = qL, (3.20) 

(q-l)a 1 +a q = qL. (3.21) 



Proof. We will first prove that if $ p , $ 9 , $ r divide A{x), then: 

(g - l)(r - l)a p + (r - l)a P9 + (g - l)a pr + a pgr = grL, 

(p - l)(r - l)a g + (r - l)a P9 + (p - l)a qr + a P9r = prL, (3.22) 

(p - l)(g - l)a r + (g - l)a> + (p - l)a gr + a p(?r . = pqL, 

and 



(9- 


l)(r 


- 1)qi + (r - 


l)a q + (g- 


l)a r 


T Ogr 


= qrL, 




(p - 


l)(r 


- l)ai + (r - 


l)a p + (p - 


l)a r 




= prL, 


(3.23) 


(p - 




- l)ai + (g - 


l)a p + (p - 


l)a g 


T CKpq 


= pqL. 





Indeed, from Lemma |3.2| with m = p we have 

\A\ 2 

Ap + Ap q + A pr + Apq r = = qvL, 
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and the first equation in ( |3.22 ) follows by converting the A m to a m . Also, since ^ m \ pqr A r 
|A| 2 , from the displayed equation above we have 



Ai + A a + A r + A 



qr 



{l--)\A\ 2 = (p-l)qrL, 
P 



and the first equation in ( |3.23| ) follows. The remaining equations in ( 3.22| ), ( |3.23j ) are similar. 
Assume now that also & pr (x)\A(x). Applying Lemma 3.2 with m = pr, we obtain 



Ap r -f- Apq r 



pr 



qL, 



which impli es (|3 . 1 9| ) . (3.20) follows by combining ( |3. 19|) w ith the first and third equations in 
( 3.22j ), and ( 3.21| ) by combining the first equation in ( |3.20| ) with the first equation in ( |3.23 ), ■ 



Lemma 3.4 Suppose that a m solve (3.18) with X,Y,Z ^ 0, and that 
Then the a m are all equal. 

Proof. Fix i,j,k. Plugging (|3.24 ) into ( 3.18 ), we obtain 



(3.24) 



(X + Y - yj + Z - z k + t)oL\ + yja q + z k a r 

(X + Y - yj + t)a r + yja qr + Za\ 

(X + Z - z k + t)a q + z k a qr + Ya.% 

(Y - yj + Z - z k + t)a p + yja q + z k a r + Xa\ 

(X + t)a qr + (Y + Z)ax 

yjaqr + (Y - yj + t)a r + (X + Z)a\ 

Zkaqr + {Z - z k + t)a q + (X + Y)a\ 

(t + X)a qr + Ya r + Za q 



C, 
C, 

c, 
c, 
c, 
c, 
c, 
c. 



(3.25) 



From equations 2 and 6 in ( 3.25| ) we have Xa r = Xa±, hence a r = a%. Similarly, from 



Or 



equations 3 and 7 we have Xa q = Xcti, hence a q = ct\. We now have a,\ = a p 
a pr = a pq . Plugging this into equation 1 we obtain {X + Y + Z + t)at\ = C; this together with 



equation 5 yields that {X + t)a qr = (X + t)a±, hence a qr = a\. By the last part of (|3.24[) we 
also have a pqr = a\, which ends the proof. ■ 



We now begin the proof of Theorem 1.1 under the assumption that B satisfies (|3.6|). It 
suffices to consider the case when 



Xi — x, yj — y, z k — z 



(3.26) 
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for some x, y, z ^ and all i,j, k ^ 0. (Hence X = (p — l)x, Y = (q — l)y, Z = (r — l)z.) Indeed, 



suppose for instance that Xi ^ x^ for some i, i'. Fix some j, k, and apply ( 3.18|) with k and 
i',j, k. From equations 1, 2, 3, 5 in ( p. 18 ) we find that (3.24) holds, hence by Lemma 3.4 all the 
a m are equal and we are done. 



Lemma 3.5 Assume that B satisfies (3.6) and that (3.26) holds. Then: 

• $> pg (£)\B(£) if and only ift = x + y + z — zr; 

• $ gr (£)|.B(£) if and only ift = x + y + z — xp; 

• $pr(0\ B (Q and onl v i ft = x + y + z ~yq; 



• &pqr{0\B(0 if and only if t = x + y + z. 



Proof. We have 

B(£) = t + x(£ qr + i 2qr + ... + ^P-^ r ) + y(£P r + £ 2 P r + ... + ^-^Pr) 

+ z {e q +f m + ■■■+&~ l)n ) 

= t + x(* p (£V) - 1) + y($ g (e r ) - 1) + z(Me q ) - 1)- 

Hence 

B(e 2m/pq ) = t + x^ p (e 27Tir/p ) + y^ q (e 2nir/q ) + z$ r (l) - x-y-z = t + zr-x-y-z, 
and similarly 

B(e 27Ti / qr ) = t-x-y-z+px, 
B(e 27ri l pr ) = t-x-y-z + qy, 

B ( e 2ni/pqr^ = f _ % _ y _ z _ 

The lemma follows. ■ 

Corollary 3.6 Let B be as in Lemma \3.h\ 

• If § mr (£)\B(£), then none of *9r(0»*pr(0 can divide B(£). 

• Assume that \B\ = pgr, then at most one of <& P9 (£), & qr (0i ^jw(C) ccm divide B(£). 



Proof. The first part is obvious from Lemma 3.5, since x,y,z ^ 0. Suppose now that \B\ = pqr 
and that & pq , & qr divide B(£). By Lemma 3J3 we have t = x + y + z — zr = x + y + z — px, 
hence px = zr, and in particular p\z, r\x. Moreover, adding up the elements of B we obtain 



\B\ = pqr = t + (p— l)x + (q — l)y + (r — l)z = px + qy = qy + rz, 
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x y 

hence qrlx and pr\y. But then pqr = pqr h pqr — , therefore x = 0ory = 0- a contradiction. 

qr pr 



We return to the proof of Theorem 1.1 . If $ pq (x), $ qr (x), $ pr (x), <& pqr {x) divide A(x), we 
are done. Assume therefore that at least one of them divides B(x). By Corollary |3.6| , we only 
need to consider two cases. 



Case 2a: $ P r(£)3V(£)l^(£)- From Lemma |375| we have t = x + y - Z, which 

we substitute in ( |3,18j ): 



(X + Y — z)a\ + xa p + ya q + za r 
(X + Y — Z)a r + xa pr + ya qT + Za\ 
(X + y — z)a q + xa pq + za qr + Ya\ 
(Y + x - z)a p + ya pq + za pr + Xa>i 
xa pqr + (X + y - Z)a qr + (Y + Z)ai 
ya pg r + (y + x — Z)a pr + (X + Z)ai 
2a p , r + (x + y - z)a P g + (X + F)ai 
(a; + y - Z)a pqr + Xa qr + Ya pr + Za pq 



C, 

c, 
c, 
c, 
c, 
c, 
c, 
c. 



We also have from Lemma 3.3 



Ya pr + ya pqr = Ya p + ya pq = Ya r + ya qr = Ya>i + ya q = qyL, 
Xa q + xa pq = Xa r + xa pr = Xot\ + xa p = pxL, 



(3.27) 



(3.28) 



where as before we denote L = \A\ 2 /pqr. Plugging Q3.28Q into (0.27D , we obtain: 



z(a r — a\) + pxL + qyL 

Z{a\ — a r ) + pxL + qyL 

z(oe qr — a q ) + pxL + qyL 

z(a pr - a p ) + pxL + qyL 

(y - Z)a qr + (Y + Z)a\ + pxL 

(x - Z)a pr + (X + Z)ai + gyL 

zopgr + (x + y - z)a pr + (X + F)«i 

Z(a pg - a p?r ) + pxL + qyL 



C, 
C, 

c, 
c, 
c, 
c, 
c, 
c. 



(3.29) 
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Prom equations 1,2 in (|3.29| ) we have a\ = a r and C = pxL + qyL. From equations 3,4,8 
respectively we then have a q = a qr , a p = a pr , a pq = a pqr . Thus we may apply Lemma|J (with 
p and r interchanged) and conclude that all the a m are equal. 



Case 2b. $ p(?r (£)|£(£), * M (OMO*pr(fMO- % Q-Q we have 
(p - l)a ?r + a pqr = (p- l)a q + a pq = (p - l)a r + a pr = (p - l)ai + a p = pL, 
(g - l)a pr + a pgr = (g - l)a p + a pg = (g - l)a r + a ?r = {q— l)a\ + a q = qL, (3.30) 
(r - l)a P9 + a pgr = (r - l)a r + a pr = (r - l)a q + a gr = (r - l)ai + a r = rL. 
Thus we can compute all the a m if a\ = a is given: 



a p = 


pL — 


(p — l)a; 








a g = 


qL- 


(9 - 1)« 








a r = 


rL — 


(r - l)a 








Qpq ~ 


= (P - 


1)(«-1 


a — 




-p - g)L, 


Ot pr - 


= (P ~ 


l)(r-l 


a — 


(pr 


— p — r)L, 


CX qr - 


= (ff- 


l)(r-i; 


a — 


(qr 


- g - r)L, 


OL pqr 


= ((P 


-!)(</- 


l)(r 


- 1 


) + l)L- (p 



(3.31) 



If <& pqr does not divide -A(£), by Lemma |3.2j with m = pgr we have A pgr = a pqr > L, hence 
(from the last equation above) L > a. We have to show that this is impossible. 

By Lemma 3J5 we have t = x + y + z. We substitute this in the last four equations in ( |3.18| ): 

xa pqr + (X + y + z)a qr + (Y + Z)«i = C, 
y« P gr + (Y + x + z)a pr + (X + Z)ai = C, 

(3.32) 

zoi pqr + {x + y + Z)a P9 + (X + Y")ai = C, 

(x + y + z)a pqr + Xa r + Ya pr + Za pg = C. 
(the remaining equations are equivalent). We now plug in ( |3.30| ). From the last equation we 
have 

xpL + yqL + zrL = C. (3.33) 

The remaining equations become 

xpL + (y + z)a qr + (Y + Z)ai = C, 

ygL + (x + z)a pr + (X + Z)ai = C, (3.34) 
zrL + (x + y)a pg + (X + Y)ai = C. 
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This adds up to 

xpL + yqL + zrL + (y + z)a qr + (x + z)a pr + (x + y)a pg + 2(X + Y + Z)ot\ = 3C, 
hence by ( |3,33| ) 

(y + z)a qr + (x + z)a pr + (x + y)a pg = 2{pxL + gyL + rzL — ATai — Yai — Za\). 

By ( |3.30[ ), the left side equals 

2{pxL — Xa p + qyL — Ya q + rzL — Za r ). 

But now we can use fl3,3ip . If L > a, we have 

a p = pL — (p — l)a > a = a\ 

and similarly a q > ai, a r > a%, which clearly contradicts the above. ■ 
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